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Magnetic properties of nanoparticles in the Bethe-Peierls approximation
Luis G. C. Rego and Wagner Figueiredo
Depto. de F´ısica, Universidade Federal de Santa Catarina, Floriano´polis, SC, 88040-900, Brazil
In this work we present a new method to calculate the classical magnetic properties of single-
domain nanoparticles. Based on the Bethe-Peierls (pair) approximation, we developed a simple
system of equations for the classical magnetization of spins at any position within the nanoparti-
cle. Nearest neighbor pair correlations are treated exactly for Ising spins, and the method can be
generalized for various lattice symmetries. The master equation is solved for the Glauber dynamics
(single-spin-flip) in order to obtain the time evolution of the magnetization. The capabilities of the
model are demonstrated through nontrivial calculations of hysteresis loops as well as field cooling
(FC) and zero field cooling (ZFC) magnetization curves of heterogeneous non-interacting nanopar-
ticles. The present method automatically incorporates the temperature and could be adapted to
describe an ensemble of interacting nanoparticles.
I. INTRODUCTION
The properties of magnetic nanoparticles and fine
particle assemblies have been attracting the interest of
physicists for many decades. Below a critical size such
nanoscopic magnetic systems develop new properties that
cannot be found in macroscopic systems, where the ma-
terial is divided into domains in order to decrease the
magnetostatic energy. Stoner and Wohlfarth [1] laid the
theoretical basis, which are widely used nowadays, to de-
scribe such low dimensional systems and predicted new
effects like the superparamagnetism. According to the
Stoner-Wohlfarth’s model, the strong exchange interac-
tion aligns all the particle spins so that the magnetization
inside the nanoparticle is assumed to be a uniform field,
which rotates coherently due to the presence of an exter-
nal magnetic field. Despite being a suitable assumption
for homogeneous systems, it is not appropriate to de-
scribe heterogeneous particles, for instance, formed by
regions of localized moments having distinct magnetic
character (ferromagnetic, ferrimagnetic, and antiferro-
magnetic). For such heterogeneous systems the exchange
energy plays a central role in determining the magneti-
zation of the nanoparticle [2–4]. Unfortunately, the non-
trivial interaction among the spins is responsible for a
highly correlated behavior that is very difficult to de-
scribe in terms of analytical expressions or exact numer-
ical solutions, for a general case. In addition, the bound-
ary conditions imposed by the finite size of the nanopar-
ticles and surface disorder complicate otherwise simpler
solutions for infinite systems.
In most experiments the magnetization due to an en-
semble of nanoparticles is the measured parameter. In
this case the long range dipolar interaction is dominant;
it produces a collective energy barrier for the magnetiza-
tion reversal of a nanoparticle and, consequently, sets a
new time scale for irreversible processes [5]. The magneti-
zation of independent nanoparticles being experimentally
accessible in the limit of very dilute particle ensembles.
However, a series of recent experiments, using a micro-
SQUID technique, have demonstrated the possibility of
measuring both the magnetization reversal mechanism
and dynamics of individual homogeneous nanoparticles
(10-20 nm in diameter) [6] and cobalt nanoclusters (3-
5 nm in diameter) [7]. The formalism presented in this
paper should provide a theoretical foundation for exper-
iments made on single (or independent) heterogeneous
nanoparticles.
Magnetic systems are well known for developing long
range interactions, specially in the continuous phase tran-
sitions, where the correlation length is infinite. Because
of that the calculation of critical exponents require so-
phisticated theoretical formalisms such as renormaliza-
tion group techniques or high temperature series expan-
sions, or numerical methods such as the Monte Carlo.
On the other hand, away from the critical point, where
the correlation length decays exponentially, a mean field
theory may provide a good description of the behavior of
the system. Nevertheless, the plain mean field approach
corresponds to one in which there is no correlation be-
tween any pair of spins and a given spin interacts with
the average magnetization of its neighbors or, equiva-
lently, with an effective mean field produced by all the
spins in the system. This simplified approach might fail
however for nanoparticles having a core with magnetic
properties that differ from those of the surface, as in the
instance of a ferromagnetic particle coated by a ferrimag-
netic or antiferromagnetic layer [3], caused by oxidation
processes, or the case of a disordered surface as well [4].
For these systems the correlations between neighbors are
important to establish boundaries between regions of dif-
ferent magnetic properties.
In this work we propose a new method to describe the
classical magnetic properties of non-interacting nanopar-
ticles. The method takes a further step from the stan-
dard mean field approach and treats the nearest neighbor
pair correlations between spins within the particle explic-
itly, therefore being capable of describing heterogeneous
systems. In spite of being extensively used to calculate
the magnetic properties of infinite systems, the Bethe-
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Peierls (also called pair) approximation has not yet been
used to calculate the magnetic properties of nanoparti-
cles. A somewhat similar approach was used to describe
the magnetization of Fe quasi-1D clusters [8], in view of
the fact that the results obtained by the Bethe-Peierls
approximation agree with the Ising solution for 1D sys-
tems [9]. In the following the details of the model and
the formalism are presented. Then, in the remainder of
the paper, it is shown that the model accounts for many
of the properties of magnetic nanoparticle systems.
II. THEORY
At first, consider a two-dimensional (2D) array of Ising
spins in an hexagonal lattice, as depicted in Figure 1 for
a structure made up of 3 shells. A similar model sys-
tem could be used to describe the properties of single-
crystalline disks with hexagonal contour, as the 10-20 nm
BaFeCoTiO nanoparticles whose magnetization reversal
has been measured [6]. We note that the formalism ap-
plies equally well for any 2D lattice and can be extended
to tridimensional (3D) lattices as well. Taking advan-
tage of the sixfold rotational symmetry of the lattice, we
need to consider only a small subset of spins (marked σ1
through σ6 by filled dots in Fig. 1) to provide the mag-
netization of the whole particle. Each of the spin sites,
which stand for the atomic moments in the nanoparticle,
are described by Ising spin variables that take on values
σi = ±1. The nanoparticle is assumed to be very small,
so that it constitutes a monodomain. In addition, accord-
ing to experimental results [6], an uniaxial anisotropy is
implicit in the model, with the easy axis coinciding with
the Ising spin direction. Therefore the energy of the sys-
tem is written as
H = −
∑
<i,j>
Jijσiσj −H
∑
i
σi , (1)
where only the exchange coupling between nearest neigh-
bors is considered, with Jij as the exchange coupling con-
stant, and H is the applied magnetic field.
Having defined the relevant spins that describe the sys-
tem we start by writing the dynamical equations for the
average spin magnetizations
mi(t) =< σi >=
∑
σ
σiP (σ, t) (2)
and the pair correlation functions
rij(t) =< σiσj >=
∑
σ
σiσjP (σ, t), (3)
where the index i, as well as j, designates a spin site and
the sum over σ accounts for all the spin configurations.
Since we restrict our model to take into account only pair
correlations, the probability of a given spin configuration
is written as [10]
P (σ, t) =
1
2N
1 +∑
i
σimi(t) +
∑
i<j
σiσjrij(t)
 , (4)
where N is the total number of spins.
The time evolution of the system is obtained by means
of the master equation for the probabilities
dP (σ, t)
dt
=
∑
σ′
{P (σ′, t)w(σ′, σ)− P (σ, t)w(σ, σ′)} , (5)
with w(σ′, σ) as the transition probability per unit time
from the spin configuration σ′ to configuration σ. Here
we assume that the dynamics of the system is governed
by single-spin-flip transitions, which can be mathemati-
cally described by the Glauber formalism [10]
wi(σi) =
1
2τ
{1− σiγ} , (6)
with
γ(J, β,H) = tanh [(
∑
j
Jijσj +H)/kBT ] (7)
≡ tanh (∆i), (8)
where kB is the Boltzmann constant, T is the absolute
temperature and τ is the relaxation time for a single spin.
This dynamical rule is chosen so that the transition prob-
abilities wi(σi) depend on the spin value of σi as well as
on the values of its nearest neighbors.
Using Eqs. (5) to (8) we obtain after some alge-
braic manipulation the dynamical equations for mi(t)
and rij(t)
dmi(t)
dt
= −
mi(t)
τ
+
1
τ
∑
σ
tanh (∆i)Pi(σ, t) , (9)
drij(t)
dt
= −
2rij(t)
τ
(10)
+
1
τ
∑
σ
[σi tanh (∆j) + σj tanh (∆i)]Pij(σ, t) .
In principle, our task is to integrate these equations to
obtain the time evolution of the variables of interest.
Within the Bethe-Peierls approximation [11], we assume
that only the correlations between pairs of nearest neigh-
bors are nonzero and write the following equations for
Pi(σ)
Pi(σ) =
∏Ni
α P (σi, σα)
PNi−1(σi)
, (11)
where Ni is the coordination number of the lattice site i
and for Pij(σ)
Pij(σ) =
P (σi, σj)
PNi−1(σi)PNj−1(σj)
(12)
×
Ni∏
α
P (σi, σα)
Nj∏
β
P (σi, σβ) .
2
It is important to notice that Ni is different for the sur-
face spins. P (σi) and P (σi, σj) are obtained from ex-
pression (4) taking as nonzero only the nearest neighbor
correlation functions
P (σi) =
1
2
(1 +miσi) , (13)
P (σi, σj) =
1
4
(1 +miσi +mjσj + rijσiσj) . (14)
Substituting expressions (11) and (12) into the dy-
namical Eqs. (9) and (10) yields, after a lengthy but
straightforward manipulation, a closed system of equa-
tions for the spin magnetizations (mi(t)) and nearest
neighbor pair correlation functions (rij(t)) that can be
solved numerically
τ
dmi(t)
dt
+mi(t) =
Ni∑
k=0
{
t6−k
x5i
V̂kZi({Ni}) +
tk
y5i
ÛkWi({Ni})
}
, (15)
τ
drij(t)
dt
+ 2rij(t) = [ξi]j + [ξj ]i , (16)
with
[ξi]j =
Nj−1∑
k=0
{[zi]jt6−k − [vi]jt5−k}
V̂kZj({Nj})
x5j
+
Nj−1∑
k=0
{[ui]jt1+k − [wi]jtk}
ÛkWj({Nj})
y5j
, (17)
and [ξj ]i obtained by the simple exchange of the indices
i and j in Equation (17). Refer to the appendix for a
definition of the symbols. We also define the products
Zj({Nj}) =
Nj∏
α
[zα]j (18)
Wj({Nj}) =
Nj∏
α
[wα]j , (19)
upon which act the operators
V̂k ≡
∑
α1<...<αk
[vα1 ]j . . . [vαk ]j
[zα1 ]j . . . [zαk ]j
(20)
Ûk ≡
∑
α1<...<αk
[uα1 ]j . . . [uαk ]j
[wα1 ]j . . . [wαk ]j
, (21)
that generate all the possible configurations of the clus-
ter. In the case of Eq. (15) the independent indices αk
stand for all the nearest neighbors (1 ≤ αk ≤ 6) of a
given spin σj , as depicted in Fig. 2(a). When calculat-
ing the pair correlation rij = 〈σiσj〉, to avoid counting
the pair twice 1 ≤ αk ≤ 5, as shown in Fig. 2(b) for
spins σi and σj . For k = 0, V̂
0 = 1 and Û0 = 1. The
parameter tk is related to the transition rate of a spin
tk = tanh
(
2J(k − 3) +H
kBT
)
. (22)
The results comprehending Eqs. (15) throughout (21)
correspond to the case Jij = J . To account for the more
complex case of different Jij in heterogeneous nanopar-
ticles V̂k and Ûk have to be modified to incorporate a
generalized parameter tk. This is done in the appendix.
III. RESULTS AND DISCUSSIONS
In this section we describe the properties of the model
and show that it accounts for many of the phenomena
presented by magnetic nanoparticle systems.
We start by discussing the properties of the hysteresis
of homogeneous ferromagnetic nanoparticles, as yielded
by the present model. For this purpose consider Fig-
ure 3(a) where it is shown hysteresis loops for 3 different
nanoparticle sizes R = 1 , 2 and 11. R is the num-
ber of shells and can be associated with the radius of
the nanoparticle. We define the total magnetization of
the nanoparticle M ≡
∑
imi(t)/N , where the sum runs
over all the spins of the nanoparticle (N). The small-
est nanoparticle (R = 1) has vanishing coercive field and
its magnetization is well fitted by a Langevin function,
whereas the bigger particles (R = 2 through 11) exhibit
typical hysteresis loops of ferromagnetic nanoparticles.
Figure 3(b) shows the dependency of the coercive field
(HC) on the number of shells of the nanoparticle, by plot-
ting HC as a function of R
−1.6, for the reduced tempera-
ture kBT = 3J . This graph demonstrates that the func-
tional relationHC ∼ R
−1.6 fits very well the results of our
calculations for nanoparticles of size 2 ≤ R ≤ 10, with
the exception of the R = 1 and R = 11 cases. The for-
mer is in the superparamagnetic regime [12], as indicated
by Fig. 3(a), whereas the last already starts to behave
as an infinite system. The same behavior exhibited by
HC in Fig 3(b) is obtained for the reduced temperature
kBT = 1.5J . According to our calculations, for R > 10
the Curie temperature (TC) of the nanoparticle coincides
with the TC of an infinite cubic system, as yielded by the
Bethe-Peierls relation coth [J/kBTC ] = 5 [9]. Calcula-
tions for a square lattice showed that HC ∼ L
−1.5 for
small clusters, where L stands for its lateral dimension.
Finally, we point out that the mechanism of magnetiza-
tion reversal that takes place in our nanoparticle is not
entirely coherent. Because of their smaller coordination
number, the average magnetization (mi) of the outside
spin shells decrease by the action of the reverse field H ,
consequently also decreasing the magnetization of their
neighboring shells and creating a nonuniform magnetiza-
tion profile. Eventually, when H reachesHC all the spins
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flip together. This process should be responsible for eas-
ier magnetization rotation and lower switching fields than
those given by the Stoner-Wohlfarth model.
In the remainder of this section we consider the proper-
ties of heterogeneous nanoparticles, which are more com-
plex systems consisting of ferromagnetic and antiferro-
magnetic (or ferrimagnetic) regions coupled with each
other. Examples of such systems are oxide-coated cobalt
(Co) or iron (Fe) nanoparticles [3], among many others
that exhibit the exchange anisotropy effect [13,14]. When
cooled in the presence of an external magnetic field the
soft ferromagnetic core of the particle aligns with the ap-
plied field but its outer antiferromagnetic (AF) surface
gets ordered only when the temperature of the system is
lower than TN (Ne´el temperature) [12]. The coupling of
the ferromagnetic core with the antiferromagnetic surface
therefore produces a unidirectional exchange anisotropy
that shifts the hysteresis loop to higher or lower mag-
netic fields, depending on their mutual orientation. To
obtain this effect we consider an 8-shell nanoparticle with
the following characteristics: the exchange interactions in
the core (R = 0 to 7) are given by the coupling parameter
JC = 1, the outmost shell (R = 8) is also ferromagnetic
with an exchange constant JS = 5 and the coupling be-
tween the R = 7 and R = 8 shells is due to an antiferro-
magnetic exchange constant JC−S = −4. The hysteresis
we obtain with our formalism is shown in Figure 4(a),
which presents a clear exchange shift. Figure 4(b) shows
the magnetization curves of individual spins within the
nanoparticle: in the center of the nanoparticle (S0), in
the sixth shell (S6), in the seventh shell (S7) and in the
surface shell (S8). As evidenced by this graph, the sur-
face shell and the layer just below it are locked in a very
stable AF configuration, whereas the average magneti-
zation of the inner ferromagnetic shells vary gradually
towards the center of the particle. For the sake of com-
parison, we have also calculated the hysteresis for the
same system, but using a simple mean field approach,
whose results are shown in Figures 4(c) and 4(d). For
the standard mean field equations each spin experiences
only an effective field that can be seen as an average in-
teraction with all the other spins and, consequently, the
exchange shift disappears. Looking at the individual spin
magnetizations (Fig. 4(d)) it is evident that there is no
correlation between the surface and core domains.
Another important experimental technique used to in-
vestigate the properties of magnetic nanoparticles is the
field cooling (FC) and zero field cooling (ZFC) magneti-
zation measurements. For an ensemble of non-interacting
homogeneous particles the blocking temperature (TB)
is related to the magnetic anisotropy constant and the
volume of the nanoparticle [12]. For a system of in-
teracting nanoparticles see [5]. The blocking tempera-
ture, where the maximum of the ZFC curve occurs, in-
dicates the point in which the thermal energy is compa-
rable to the average anisotropy barrier in the nanopar-
ticles, and beyond it the magnetization decreases with
temperature. In the following we show a deblocking
behavior that is caused only by the exchange interac-
tion between antiferromagnetic and ferromagnetic re-
gions in a single nanoparticle. For that purpose consider
a 6-shell nanoparticle whose core is predominantly AF,
JC = −0.5J0 forR = 0 to 5, with a ferromagnetic surface,
JS = 2J0 for R = 6, which is ferromagnetically coupled
with the core, JCS = 1J0 between R = 5 and R=6. The
energy parameter is J0 = 1 and the time taken to sweep
over the whole temperature interval is ts = 10
4τ , with
τ appearing in Eqs (9) and (10). The calculations were
performed in accordance with the standard FC-ZFC ex-
perimental practice [15]. The obtained FC (solid line)
and ZFC (dashed line) magnetization curves are shown
in figures 5(a) through 5(f) as a function of the reduced
temperature, for values of the applied field that vary from
H = 0.05|J0| to H = 0.0001|J0|. M is the normalized
magnetization of the entire nanoparticle, as previously
defined. Because it corresponds to a single particle, TB
is sharply marked and does not exhibit the characteristic
dispersion caused by the size distribution of the parti-
cles. According to our calculations, TB is not strongly
dependent on JC however it does depend on JSC and JC .
Figure 5 shows that the blocking temperature occurs just
about the range JCS ≤ kBTB ≤ JS , which is confirmed
for different nanoparticle parameters (size, exchange con-
stant and ts). Despite being observed to take place for
nanoparticles of different sizes, the blocking temperature
effect is very sensitive to the relative strengths between
the ferromagnetic and antiferromagnetic exchange con-
stants. For clarity, Figure 6 displays the relation between
the average magnitude of the energies associated with the
parallel spin alignment (UF +UH) and anti-parallel spin
alignment (UAF ) configurations within the particle,
UF = 〈
∑
<i,j>
JS σiσj +
∑
<k,l>
JCS σkσl〉
= JS
∑
<i,j>
rij + JCS
∑
<k,l>
rkl , (23)
UH = H〈
∑
i
σi〉 = H
∑
i
mi , (24)
UAF = 〈
∑
<i,j>
JC σiσj〉 = JC
∑
<i,j>
rij , (25)
in terms of which we define the differential exchange en-
ergy ∆XC ≡ (UF +UH −UAF )/(UF +UH +UAF ). Solid
and dashed lines represent FC and ZFC processes, re-
spectively, and the arrows indicate their dynamics. The
contribution of the UH term to the total energy of the
nanoparticle is very small, however it is responsible for
the deblocking behavior at TB. At the high tempera-
ture regime the average exchange energy is nonzero, be-
cause of a remaining finite short range correlation be-
tween nearest neighbor pairs. Most of the energy is due
to the ferromagnetic ordering. During the ZFC (dashed
line) the AF core overwhelms the ferromagnetic surface
and forces the magnetization of the whole nanoparticle
to vanish. Then, in the subsequent heating, even a very
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small applied field is enough to trigger the alignment of
the ferromagnetic surface, which is evidenced by the rel-
ative increase of the ferromagnetic energy. On the other
hand, during the FC process the applied field is able to
magnetize the nanoparticle at higher temperatures, be-
fore the AF correlations of the core become too strong.
Thus, the interplay between AF and F exchange ener-
gies gives rise to the hysteresis in temperature that we
observe in the FC-ZFC calculations.
IV. CONCLUSIONS
We have developed a new approach to calculate the
classical magnetic properties of single-domain nanoparti-
cles. Treating the nearest neighbor pair correlation func-
tions explicitly we were able to obtain a simple set of
equations for the magnetization at any point in the par-
ticle. In addition, Eqs. (15) and (16) can also account for
the inclusion of interactions between next nearest neigh-
bors in a straightforward manner, by incorporating the
corresponding Jij into the operators (32) and (33) and
increasing the coordination number Nj of each spin. The
method can be applied to different lattice geometries and
extended to 3D systems. The formalism treats correctly
the short-range correlations that arise in heterogeneous
nanoparticles, which have regions of different magnetic
properties, e.g., oxidized ferromagnetic particles. Such
spin correlations were evidenced by the observation of
the exchange shift in hysteresis loops and by the blocking-
deblocking effect in the FC-ZFC calculations.
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VI. APPENDIX
Here we define some of the notation used in section II.
Based on Eq. (4), equations (15) and (16) are written
out in terms of the following simple functions
xi =
1 +mi
2
, yi =
1−mi
2
; (26)
[zi]j =
1 +mi +mj + rij
4
, (27)
[wi]j =
1−mi −mj + rij
4
, (28)
[vi]j =
1−mi +mj − rij
4
, (29)
[ui]j =
1 +mi −mj − rij
4
, (30)
where [zi]j = [zj ]i and [wi]j = [wj ]i. As already men-
tioned in the main text, the parameter tk in Eqs. (15)
and (16) is related to the transition rate of a spin
tk = tanh
(
2J(k − 3) +H
kBT
)
, (31)
for Jij = J and in accordance with the definitions given
in the main text. For the case of general exchange con-
stants (Jij), the term tk must be generalized and incor-
porated into the operators V̂k and Ûk
V̂k ≡
∑
α1<...<αk
[vα1 ]j . . . [vαk ]j
[zα1 ]j . . . [zαk ]j
× (32)
tanh
(∑Nj
β=1 Jβj − 2(Jα1j + . . .+ Jαkj) +H
kBT
)
,
Ûk ≡
∑
α1<...<αk
[uα1 ]j . . . [uαk ]j
[wα1 ]j . . . [wαk ]j
× (33)
tanh
(∑Nj
β=1 Jβj − 2(Jα1j + . . .+ Jαkj) +H
kBT
)
,
so that, for k = 0
V̂0 ≡ tanh
(∑Nj
β=1 Jβj +H
kBT
)
(34)
Û0 ≡ tanh
(∑Nj
β=1 Jβj +H
kBT
)
. (35)
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FIG. 1. Schematic representation of an hexagonal nanoparticle exhibiting 3 shells of spins (small circles). The representative
spins that compose the set of equations for this particle are represented by black circles. The dashed lines evidence the sixfold
symmetry.
FIG. 2. (a) A cluster formed by spin σj and its 6 nearest neighbors. (b) A cluster formed by the pair σiσj and their nearest
neighbors.
FIG. 3. (a) Hysteresis loops for various nanoparticle sizes: R = 1, 2 and 11. The reduced temperature is T = 3J/kB , where
J = 1 is the exchange coupling constant and kB is the Boltzmann constant. (b) The coercive field (HC in units of J) plotted
as a function of R−1.6. From right to left, the dots correspond to R = 2, 3, . . . , 11 and the straight line results from a linear fit
to the data.
FIG. 4. (a) Hysteresis loop for a nanoparticle of radius R = 8. JC = 1 for R ≤ 7, JS = 5 in the surface R = 8, and
JC−S = −4 couples the core and surface regions. (b) Individual magnetization curves for the center spin (S0), a spin in the 6th
shell (S6), a spin in the 7th shell (S7) and a spin in the surface shell (S8). (c) Same parameters as in Figure (a) using a simple
mean field approach, the exchange shift disappears. (d) Same as Figure (b) for simple mean field. The reduced temperature is
kBT = 3.5JC for all curves.
FIG. 5. FC (solid) and ZFC (dashed) curves of the total normalized magnetization (M) as a function of the reduced temper-
ature kBT/J0. Different values for the applied magnetic field are considered, from H = 0.05|J0| in (a) through H = 0.0001|J0 |
in (f), as indicated in the figures. The nanoparticle consists of R = 6 shells, with an AF core (JC = −0.5J0, for 0 ≤ R ≤ 5),
a ferromagnetic surface (JS = 2J0 within R = 6) and a ferromagnetic coupling between core and surface (JCS = 1J0, between
R = 5 and R = 6).
FIG. 6. Differential exchange energy ∆XC ≡ (UF +UH −UAF )/(UF +UH +UAF ) as a function of the reduced temperature
kBT/J0. The applied field is H = 0.001|J0 |.
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